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Abstract
In the past decade, many relation formulas for the multiple zeta values, further for the multiple L-values at
positive integers have been discovered. Recently Matsumoto suggested that it is important to reveal whether
those relations are valid only at integer points, or valid also at other values. Indeed the famous Euler formula
for ζ(2k) can be regarded as a part of the functional equation of ζ(s). In this paper, we give certain analytic
functional relations between the Mordell–Tornheim double L-functions and the Dirichlet L-functions of
conductor 3 and 4. These can be regarded as continuous generalizations of the known discrete relations be-
tween the Mordell–Tornheim L-values and the Dirichlet L-values of conductor 3 and 4 at positive integers.
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1. Introduction
Let N be the set of natural numbers, N0 = N ∪ {0}, Z the ring of rational integers, Q the field
of rational numbers, R the field of real numbers and C the field of complex numbers.
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162 H. Tsumura / Journal of Number Theory 120 (2006) 161–178The Mordell–Tornheim double zeta-function
ζMT,2(s1, s2, s3) =
∞∑
m1,m2=1
1
m
s1
1 m
s2
2 (m1 + m2)s3
(s1, s2, s3 ∈ C)
was defined by Matsumoto in [11]. Indeed, Matsumoto further considered the Mordell–Tornheim
multiple zeta-function and studied the analytic continuation of it. The origin of this name comes
from the research of its special values ζMT,2(k1, k2, k3) (k1, k2, k3 ∈ N) studied by Tornheim
(see [19]) and Mordell (see [17]) in the 1950’s. In particular, when s2 = 0, ζMT,2(s1,0, s3) is
called the Euler sum or the double zeta-function which was originally studied by Euler.
As its character analogues, we consider two kinds of Mordell–Tornheim double L-functions
LIIIMT,2(s1, s2, s3;χ,ϕ) =
∞∑
m1,m2=1
χ(m1)ϕ(m2)
m
s1
1 m
s2
2 (m1 + m2)s3
, (1)
L∗MT,2(s1, s2, s3;χ,ϕ) =
∞∑
m1,m2=1
χ(m1)ϕ(m1 + m2)
m
s1
1 m
s2
2 (m1 + m2)s3
(2)
for s1, s2, s3 ∈ C, where χ,ϕ are Dirichlet characters. (1) has been defined by Wu (see [26],
see also [14]). Wu further defined the Mordell–Tornheim multiple L-functions and studied their
analytic continuation by using Matsumoto’s method. Indeed, from the analytic continuation of (1)
(see Remark after Proposition 2.3 in Section 2, see also [14]), we can obtain, for example,
LIIIMT,2(1,0,−1;χ,χ) = B21,χ −
1
2
L(1;χ)B2,χ ,
where χ is nontrivial and {Bn,χ } are the generalized Bernoulli numbers (see [25, Chapter 4]).
This implies that the double L-function (1) has some information about abelian number fields,
for example, about class numbers of abelian number fields related to χ . Furthermore the val-
ues of LIIIMT,2(s1, s2, s3;χ,χ) at nonpositive integers can be expressed as linear combinations of
generalized Bernoulli numbers (see remark after Proposition 2.3).
In particular, (1) and (2) in the case s2 = 0 are called the double L-functions. The nota-
tion LIIIMT,2 and L∗MT,2 come from the Arakawa–Kaneko result (see [2]). Indeed they considered
multiple L-values at positive integers and gave some relations for them. Furthermore multiple
L-functions have been studied by, for example, Goncharov [8], Akiyama and Ishikawa [1], and
Matsumoto and Tanigawa [15]. Recently Terhune evaluated L∗MT,2(p,0, q;χ,ϕ) (p, q ∈ N) by
means of single series under a certain condition (see [18], see also [21]).
From the analytic point of view, the functional equations of the Riemann zeta-function ζ(s)
and the Dirichlet L-series are very important results in number theory. Therefore it is desirable
to find certain functional equations for the above double L-functions, but so far no such equation
is known, except for Matsumoto’s result for the double zeta-function (see [13]). Based on this
result, Matsumoto recently suggested that it is important to reveal whether known relations for
multiple zeta values and for multiple L-values are valid only at integer points, or valid also at
other values. Indeed the famous Euler formula for ζ(2k) can be regarded as a part of the func-
tional equation of ζ(s). As one of the answer to Matsumoto’s suggestion, the author recently gave
certain analytic functional relations between ζMT,2(s1, s2, s3) and ζ(s) (see [23]), which contain
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between LIIIMT,2(s1, s2, s3;χ24 , χ24 ), L∗MT,2(s1, s2, s3;χ24 , χ24 ) and ζ(s), where χ4 is the primitive
Dirichlet character of conductor 4 and χ24 is the nonprimitive Dirichlet character defined by
χ24 (m) = {χ4(m)}2 for m ∈ Z (see [24]). Note that
LIIIMT,2
(
s1, s2, s3;χ24 , χ24
)= ∞∑
m,n=0
1
(2m + 1)s1(2n + 1)s2(2m + 2n + 2)s3 ,
L∗MT,2
(
s1, s2, s3;χ24 , χ24
)= ∞∑
m,n=0
1
(2m + 1)s1(2n + 2)s2(2m + 2n + 3)s3 .
For example, we gave the functional relation
LIIIMT,2
(
2, s,3;χ24 , χ24
)+L∗MT,2(2,3, s;χ24 , χ24 )−L∗MT,2(s,3,2;χ24 , χ24 )
= 5
2
(
1 − 2−s−3)ζ(s + 3)ζ(2) − 4(1 − 2−s−5)ζ(s + 5)
for s ∈ C except for the singular points of each side. Putting s = 2, we obtain a nontrivial relation
LIIIMT,2
(
2,2,3;χ24 , χ24
)= 155
64
ζ(5)ζ(2) − 127
32
ζ(7).
In the present paper, we give certain analytic functional relations between LIIIMT,2(s1, s2, s3;
χ,χ), L∗MT,2(s1, s2, s3;χ,χ) and the Dirichlet L-functions L(s;χ), L(s;χ2) for χ = χ3 and χ4,
where χ3 is the primitive Dirichlet character of conductor 3. In these cases, it follows from
[11, Theorem 3] (see also [26]) that LIIIMT,2(s1, s2, s3;χ,χ) and L∗MT,2(s1, s2, s3;χ,χ) can be
continued meromorphically to C3. For example, in Section 2, we can give
LIIIMT,2(2, s,1;χ4, χ4) −L∗MT,2(2,1, s;χ4, χ4) +L∗MT,2(s,1,2;χ4, χ4)
= 2L(s + 3;χ24 )− 2L(1;χ4)L(s + 2;χ4) (3)
for s ∈ C except for the singular points of each side. In particular when s = 2, we obtain a
nontrivial relation
LIIIMT,2(2,2,1;χ4, χ4) = 2L
(
5;χ24
)− 2L(1;χ4)L(4;χ4). (4)
Similarly, in Section 3, we obtain the functional relations in the case of conductor 3. In particular,
as an analogue of (4) (see also (18)), we obtain
LIIIMT,2(1,2,2;χ3, χ3) = L
(
5;χ23
)− 3
2
L(1;χ3)L(4;χ3).
As recent research of another type of multiple series, Bump, Brubaker, Chinta, Diaconu,
Friedberg, Goldfeld and Hoffstein study the multiple Dirichlet series which can be obtained
as coefficients of metaplectic Eisenstein series (see, for example, [4–7]). These results have deep
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multiple L-functions mentioned above seems not to be clear.
Additionally, we mention some targets in the future related to our present work. Charac-
ter sums and multiple character sums appear in various number theoretic studies. Any multiple
character sum corresponds to a certain multiple L-function. For example, Ishikawa recently in-
vestigated some properties of certain multiple character sums by considering analytic properties
of the multiple L-functions (see [9]). Hence, by considering LIIIMT,2 and L∗MT,2, we might be able
to obtain some properties of another type of character sums. In particular, it is expected to ob-
tain new results for certain character sums corresponding to our functional relations for LIIIMT,2
and L∗MT,2. Furthermore, as mentioned in [16], there is a close connection between multiple
L-functions and multiple polylogarithms. Moreover we proved certain multiple generalizations
of Berndt’s and Katsurada’s results about the values of Dirichlet L-series given in [3,10]. By
the same method, we will be able to construct certain double polylogarithms corresponding to
LIIIMT,2 and L∗MT,2. Considering these properties, it is expected to obtain new evaluation formulas
of LIIIMT,2 and L∗MT,2 like Berndt’s and Katsurada’s results. These ideas will be carried out in
forthcoming papers.
2. Double L-functions of conductor four
In this section, we consider the case of χ = χ4. Actually, the essential part of our aim in this
case has already been obtained in [24]. We recall the known results as follows.
We fix δ ∈ R with δ > 0 and let u ∈ [1,1 + δ] ⊂ R. For s ∈ C, we define ρ(s;u) =∑
m0(−u)−m(2m + 1)−s and ψ(s;u) =
∑
m0 u
−m(2m + 1)−s . Furthermore we define
S(s1, s2, s3;u) =
∞∑
m,n=0
(−u)−m−n
(2m + 1)s1(2n + 1)s2(2m + 2n + 2)s3 , (5)
R(s1, s2, s3;u) =
∞∑
m,n=0
(−u)−2m−n
(2m + 1)s1(2n + 2)s2(2m + 2n + 3)s3 . (6)
Note that ρ(s;1) = L(s;χ4), ψ(s;1) = L(s;χ24 ) = (1 − 2−s)ζ(s) and
S(s1, s2, s3;1) = LIIIMT,2(s1, s2, s3;χ4, χ4), (7)
R(s1, s2, s3;1) = −L∗MT,2(s1, s2, s3;χ4, χ4). (8)
For n ∈ Z, k ∈ N, p ∈ N0 with k ≡ p (mod 2), r ∈ R with r > 1 and u ∈ (1,1 + δ], we define
B(n; k, r;u) = 1
2
[
S(k, r, n;u) + (−1)
k
u
{
R(k, n, r;u) + (−1)nR(r, n, k;u)}]
−
k∑(−n
j
)
ρ(k − j ;u)λk+1+j ρ(r + j + n;u), (9)j=0
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B(n; k, r;1) by the right-hand side of (9) with u = 1. Furthermore, from [24, (33)], we have
B(0; k, r;1) = (−1)
k
2
L
(
k + r;χ24
)
. (10)
Let i = √−1. It follows from [24, Corollary 4.5] that we have the following:
Lemma 2.1. Suppose k ∈ N0, r ∈ R with r > 1 and d ∈ N with d  2. Then
k∑
j=0
L(k − j ;χ4)(−1)j λk+1+j
[j/2]∑
μ=0
(iπ/2)2μ
(2μ)!
(
d − 1 + j − 2μ
j − 2μ
)
L
(
d + j + r − 2μ;χ24
)
=
[(d−1)/2]∑
N=0
B(d − 1 − 2N; k, r;1) (−1)
N+1(π/2)2N+1
(2N + 1)! . (11)
Putting m = d − 1 ∈ N and multiplying the both sides of (11) by −2m+1/π , we obtain
−2
m+1
π
k∑
j=0
L(k − j ;χ4)(−1)j λk+1+j
×
[j/2]∑
μ=0
(iπ/2)2μ
(2μ)!
(
m + j − 2μ
j − 2μ
)
L
(
m + 1 + j + r − 2μ;χ24
)
=
[m/2]∑
N=0
2m−2NB(m − 2N; k, r;1) (iπ)
2N
(2N + 1)! . (12)
On the other hand, we recall the following (see [22, Lemma 3.3]).
Lemma 2.2. Suppose {Pm} and {Qm} are sequences which satisfy the relation
[m/2]∑
j=0
Pm−2j
(iπ)2j
(2j + 1)! = Qm,
for any m ∈ N0. Then the relation
Pm = −2
m∑
ν=0
φ(m − ν)λm−νQν
holds for any m ∈ N0, where
φ(s) = (21−s − 1)ζ(s) = 2 − 2s
2s − 1L
(
s;χ24
)
. (13)
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Qm = −2
m+1
π
k∑
j=0
L(k − j ;χ4)(−1)j λk+1+j
×
[j/2]∑
μ=0
(iπ/2)2μ
(2μ)!
(
m + j − 2μ
j − 2μ
)
L
(
m + 1 + j + r − 2μ;χ24
)
(m ∈ N),
and Q0 = B(0; k, r;1) = (−1)k2 L(k + r;χ24 ). Then it follows from (10) and Lemma 2.1 that
2mB(m; k, r;1) = 2
m+2
π
m∑
ν=1
φ(m − ν)λm−ν
k∑
j=0
L(k − j ;χ4)(−1)j λk+1+j
×
[j/2]∑
μ=0
(iπ/2)2μ
(2μ)!
(
ν + j − 2μ
j − 2μ
)
L
(
ν + 1 + j + r − 2μ;χ24
)
+ (−1)k−1φ(m)λmL
(
k + r;χ24
) (14)
for m ∈ N0. Combining (7)–(9) and (13), (14), we obtain the following:
Proposition 2.3. For k,m ∈ N0,
LIIIMT,2(k, s,m;χ4, χ4) + (−1)k+1
{L∗MT,2(k,m, s;χ4, χ4) + (−1)mL∗MT,2(s,m, k;χ4, χ4)}
= 8
π
m∑
ν=1
2 − 2m−ν
2m−ν − 1L
(
m − ν;χ24
)
λm−ν
k∑
j=0
L(k − j ;χ4)(−1)jλk+1+j
×
[j/2]∑
μ=0
(iπ/2)2μ
(2μ)!
(
ν + j − 2μ
j − 2μ
)
L
(
ν + 1 + j + s − 2μ;χ24
)
+ 2
k∑
j=0
(−m
j
)
L(k − j ;χ4)λk+1+jL(s + j + m;χ4)
+ (−1)k−1 2
2−m − 2
2m − 1 L
(
m;χ24
)
λmL
(
k + s;χ24
) (15)
holds for all s ∈ C except for the singular points of each side. Note that we interpret (2s −
1)−1L(s;χ24 )|s=0 = ζ(0) = − 12 in (15).
Proof. It follows from (7)–(9) and (13), (14) that (15) holds for s = r ∈ R with r > 1. From
[11, Theorem 3] (see also [26]), LIIIMT,2(s1, s2, s3;χ,χ) and LIIIMT,2(s1, s2, s3;χ,χ) on the left-
hand side of (15) can be continued meromorphically to C3 (see remark below). Hence (15) holds
for all s ∈ C except for the singular points of each side. 
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[11,12,26]). First we recall the Mellin–Barnes formula
Γ (s)(1 + λ)−s = 1
2πi
∫
(c)
Γ (s + z)Γ (−z)λz dz,
where 	s > 0, |argλ| < π , λ 
= 0, −	s < c < 0, and the path of integration is the vertical line
	z = c. Assume 	sj > 1 (j = 1,2,3) and χ is nontrivial. Then we see that
LIIIMT,2(s1, s2, s3;χ,χ) =
∞∑
m,n=1
χ(m)χ(n)
ms1ns2(m + n)s3
= 1
2πi
∫
(c)
Γ (s3 + z)Γ (−z)
Γ (s3)
L(s1 + s3 + z;χ)L(s2 − z;χ)dz,
by the Mellin–Barnes formula with s = s3 and λ = nm . For any M ∈ N and any sufficiently small
positive ε ∈ R, we can shift the path 	z = c to 	z = M − ε in the right-hand side, using the
Stirling formula for Γ (s). Calculating the residue of the poles of Γ (s3 + z)Γ (−z)/Γ (s3), we
can obtain
LIIIMT,2(s1, s2, s3;χ,χ)
=
M−1∑
j=0
(−s3
j
)
L(s1 + s3 + j ;χ)L(s2 − j ;χ)
× 1
2πi
∫
(M−ε)
Γ (s3 + z)Γ (−z)
Γ (s3)
L(s1 + s3 + z;χ)L(s2 − z;χ)dz.
Hence we can check that the integral on the right-hand side is holomorphic for (s1, s2, s3) ∈ C3
with
	s3 > −M + ε, 	(s1 + s3) > −M + ε + 1, 	s2 < M − ε.
Since we can choose any sufficiently large M , the above result implies thatLIIIMT,2(s1, s2, s3;χ,χ)
can be continued analytically to the whole space C3. Similarly, L∗MT,2 can be so. For example,
putting M = 2 and (s1, s2) = (1,0), and letting s3 → −1 in the above equation, we obtain
LIIIMT,2(1,0,−1;χ,χ) = L(0;χ)2 + L(1;χ)L(−1;χ) = B21,χ −
1
2
L(1;χ)B2,χ ,
by using L(1 − k;χ) = −Bk,χ/k for k ∈ N (see [25, Chapter 4]). The right-hand side has infor-
mation about class numbers as mentioned in Section 1. Furthermore we can check that the value
LIIIMT,2(−k1,−k2,−k3;χ,χ) can be expressed as a linear combination of generalized Bernoulli
numbers for any k1, k2, k3 ∈ N0, by the same consideration as above.
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ing (15) with (k,m) = (1,2), we have
LIIIMT,2(1, s,2;χ4, χ4) +L∗MT,2(1,2, s;χ4, χ4) +L∗MT,2(s,2,1;χ4, χ4)
= −L(s + 3;χ24 )+ 2L(1;χ4)L(s + 2;χ4) − 13L(2;χ24 )L(s + 1;χ24 ). (16)
As an application of (15), we can prove what is called the parity result for LIIIMT,2(s1, s2, s3;
χ4, χ4). Let X4 be the Q-algebra generated by{
L(j ;χ4): j ∈ N
}∪ {L(j ;χ24 ): j ∈ N, j  2}.
Since L(1;χ4) = π/4, we have π ∈ X4. Let s = l ∈ N0 and assume that k + l  1, k + m  1,
l + m 1, k + l + m 2 and that k + l + m is odd. From (15), we have
LIIIMT,2(k, l,m;χ4, χ4) + (−1)k+1L∗MT,2(k,m, l;χ4, χ4)
+ (−1)k+m+1L∗MT,2(l,m, k;χ4, χ4) ∈ X4.
Interchanging k and l, we have
LIIIMT,2(l, k,m;χ4, χ4) + (−1)l+1L∗MT,2(l,m, k;χ4, χ4)
+ (−1)l+m+1L∗MT,2(k,m, l;χ4, χ4) ∈ X4.
Since LIIIMT,2(k, l,m;χ4, χ4) = LIIIMT,2(l, k,m;χ4, χ4) and k + l +m is odd, summing above two
equations, we have the following result which is a χ4-analogue of Tornheim’s main result for
ζMT,2(k, l,m) in [19].
Corollary 2.4. Let k, l,m ∈ N0 with k + l  1, k +m 1, l +m 1, k + l +m 2 and assume
k + l + m is odd. Then LIIIMT,2(k, l,m;χ4, χ4) ∈ X4.
Example. Applying (15) with (k, s,m) = (2,1,2), we have
LIIIMT,2(2,1,2;χ4, χ4) −L∗MT,2(2,2,1;χ4, χ4) −L∗MT,2(1,2,2;χ4, χ4)
= 3L(5;χ24 )− 4L(1;χ4)L(4;χ4) + 13L(2;χ24 )L(3;χ24 ). (17)
Summing (16) with s = 2 and (17), we obtain
LIIIMT,2(1,2,2;χ4, χ4) = L
(
5;χ24
)− L(1;χ4)L(4;χ4) ∈ X4. (18)
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In this section, we consider the case of χ = χ3. Let u ∈ R with |u| ∈ [1,1 + δ]. For s ∈ C, we
define
(s;u) =
∞∑
m=1
χ3(m)u−m
ms
. (19)
Note that (s;1) = L(s;χ3) and (s;−1) = −(21−s + 1)L(s;χ3) because χ3(2) = −1. We de-
fine the numbers {E˜n(u)}n0 by
2∑
a=1
χ3(a)eatu3−a
e3t − u3 =
∞∑
n=0
E˜n(u) t
n
n! (20)
for |t | < 2π/3 if u ∈ [1,1 + δ], and for |t | < π/3 if u ∈ [−1 − δ,−1]. When |u| > 1 then
(−m;u) = −E˜m(u) (m ∈ N0). (21)
From (20), we can see that
E˜2m+1(1) = E˜2m+1(−1) = 0 (m ∈ N0). (22)
For r ∈ R with r > 1, let
F(t; r;u) =
∞∑
m=1
χ3(m)u−memt
mr
. (23)
By [16, Theorem 2.1], we obtain the following:
Lemma 3.1. Let r ∈ R with r  1 and u ∈ R with |u| ∈ [1,1 + δ]. Then F(t; r;u) is holomor-
phic on {t ∈ C: |t | < 2π/3} if u ∈ [1,1 + δ] and on {t ∈ C: |t | < π/3} if u ∈ [−1 − δ,−1].
Furthermore,
F(t; r;u) =
∞∑
j=0
(r − j ;u) t
j
j ! (24)
is uniformly convergent with respect to u ∈ [1,1 + δ] when |t | < 2π/3 and u ∈ [−1 − δ,−1]
when |t | < π/3, respectively.
For k ∈ N and p ∈ {0,1} with k ≡ p (mod 2) and θ ∈ R, let
G(iθ; k;u) =
∞∑ χ3(m)u−m sin(p)(mθ)
mk
− ip−1
k−1∑
(k − ν;u)λp+ν+1 (iθ)
ν
ν! , (25)
m=1 ν=0
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sin(p)(α) for α ∈ R. Assume |u| > 1. Combining (23)–(25), and using the relation
sin(p)(X) = i
p−1
2
(
eiX + (−1)p−1e−iX)= ip−1 ∞∑
j=0
λj+p+1
(iX)j
j ! ,
we have
G(iθ; k;u) = ip−1
∞∑
N=0
(−N;u)λN+1 (iθ)
n+k
(N + k)! . (26)
From Lemma 3.1, (26) is uniformly convergent with respect to u ∈ [1,1 + δ] when |θ | < 2π/3
and u ∈ [−1 − δ,−1] when |θ | < π/3. Therefore, for t ∈ C with |t | < 2π/3 (respectively
|t | < π/3), we can define G(t; k;u) by replacing iθ with t in (26) when u ∈ [1,1 + δ] (re-
spectively u ∈ [−1 − δ,−1]). By (21) and (22), we obtain
lim
u↓1 G(t; k;u) = 0
(
if |t | < 2π/3), (27)
lim
u↑−1G(t; k;u) = 0
(
if |t | < π/3). (28)
Let k ∈ N, r ∈ R with r > 1, u ∈ R with |u| ∈ [1,1 + δ] and θ ∈ R. By (23) and (25), we have
G(iθ; k;u)F(iθ; r;u)
= i
p−1
2
∞∑
m,n=1
χ3(m)χ3(n)u−m−n(ei(m+n)θ + (−1)p−1e−i(m−n)θ )
mknr
− ip−1
k−1∑
ν=0
(k − ν;u)λp+ν+1 (iθ)
ν
ν!
∞∑
μ=0
(r − μ;u)(iθ)
μ
μ! , (29)
where p ∈ {0,1} with k ≡ p (mod 2). Putting ν = n − m if m < n and μ = m − n if m > n, we
see that
∞∑
m,n=1
χ3(m)χ3(n)u−m−ne−i(m−n)θ
mknr
=
∞∑
m,ν=1
χ3(m)χ3(m + ν)u−2m−νeiνθ
mk(m + ν)r
+
∞∑
n,μ=1
χ3(n)χ3(n + μ)u−2n−μe−iμθ
nr(n + μ)k
+
∞∑
m=1
χ23 (m)u
−2m
mk+r
.
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S(s1, s2, s3;u) =
∞∑
m,n=1
χ3(m)χ3(n)u−m−n
ms1ns2(m + n)s3 , (30)
R(s1, s2, s3;u) =
∞∑
m,n=1
χ3(m)χ3(m + n)u−2m−n
ms1ns2(m + n)s3 . (31)
Furthermore, for n ∈ Z and |u| ∈ (1,1 + δ], we define
C(n; k, r;u) = 1
2
[S(k, r, n;u) + (−1)k−1{R(k, n, r;u) + (−1)nR(r, n, k;u)}]
−
k−1∑
ν=0
(−n
ν
)
(k − ν;u)λk+ν+1(r + ν + n;u). (32)
In particular, when n ∈ N, we can define C(n; k, r;1) and C(n; k, r;−1) by (32) with u = ±1.
Assume |u| > 1. Then, by (29)–(31), we have
G(iθ; k;u)F(iθ; r;u) = ip−1
∞∑
N=0
C(−N; k, r;u)(iθ)
N
N ! +
(−i)p−1
2
∞∑
m=1
χ23 (m)u
−2m
mk+r
.
(33)
Lemma 3.2. Suppose k ∈ N, r ∈ R with r > 1 and |u| ∈ (1,1 + δ]. Then the right-hand side
of (33) is uniformly convergent with respect to u ∈ (1,1 + δ] when θ ∈ (−2π/3,2π/3) and with
respect to u ∈ [−1 − δ,−1) when θ ∈ (−π/3,π/3). In particular, for any γ1 ∈ (0,2π/3) and
γ2 ∈ (0,π/3), there exist positive constants M1 and M2 independent of u such that
|C(−n; k, r;u)|
n! 
M1
γ n1
(
n ∈ N;u ∈ (1,1 + δ]), (34)
|C(−n; k, r;u)|
n! 
M2
γ n2
(
n ∈ N;u ∈ [−1 − δ,−1)). (35)
Furthermore,
lim
u→±1C(−n; k, r;u) = 0 (if n ∈ N), (36)
lim
u→±1C(0; k, r;u) =
(−1)k
2
L
(
k + r;χ23
)
. (37)
Proof. From Lemma 3.1, and considering (26), we see that the right-hand side of (33) is uni-
formly convergent with respect to u. By Lemma 3.1 and the argument after (26), we also see that
G(t; k;u)F(t; r;u) is continuous for (t, u) ∈ {|t | < 2π/3} × [1,1 + δ]. Hence we can determine
M1 := max |G(t; k;u)F(t; r;u)| on {|t | < 2π/3} × [1,1 + δ]. Let C1: z = γ1eiθ (0 θ  2π).
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C(−N; k, r;u)
N ! =
1
2πi
∫
C1
G(t; k;u)F(t; r;u)t−N−1 dt (N ∈ N).
Hence
|C(−N; k, r;u)|
N ! 
1
2π
∫
C1
M1|t |−N−1|dt | = M1
γ N1
(N ∈ N).
This means (34). (35) can be similarly obtained. Combining (27), (28) and (33) with u → ±1,
we obtain (36) and (37). 
Now we construct some functional relation formulas. Let k, d ∈ N. For u ∈ R with |u| ∈
[1,1 + δ] and θ ∈ R, we define
H1(θ; k, r, d + 1;u) = 12
[ ∞∑
m,n=1
χ3(m)χ3(n)u−m−n sin((m + n)θ)
mknr(m + n)d+1
+ (−1)k−1
{ ∞∑
m,n=1
χ3(m)χ3(n)u−2m−n sin(nθ)
mknd+1(m + n)r
+ (−1)d
∞∑
m,n=1
χ3(m)χ3(n)u−2m−n sin(nθ)
mrnd+1(m + n)k
}]
, (38)
H2(θ; k, r, d + 1;u) = −
k−1∑
ν=0
(k − ν;u)λk+ν+1(−1)ν
×
ν∑
j=0
(
d + ν − j
ν − j
)
(−θ)j
j !
∞∑
m=1
χ3(m)u−m sin(j)(mθ)
mr+d+1+ν−j
, (39)
where we denote (dl/dxl)f (x)|x=α by f (l)(α) for a function f (x) and α ∈ R. We can easily
check that
∞∑
m=1
χ3(m) sin( 2mπ3 )
ms
=
√
3
2
L
(
s;χ23
)
, (40)
∞∑
m=1
χ3(m) cos(
2mπ
3 )
ms
= −1
2
L(s;χ3), (41)
∞∑
m=1
χ3(m)(−1)m sin(mπ3 )
ms
= −
√
3
2
L
(
s;χ23
)
, (42)
∞∑ χ3(m)(−1)m cos(mπ3 )
ms
= −1
2
L(s;χ3). (43)m=1
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b∑
ν=0
(
a − 1 + b − ν
b − ν
)
(−θ)ν
ν!
sin(ν+p)(θx)
xa+b+c−ν
= ip−1
∞∑
μ=0
(−1)b
(
μ − a
b
)
(iθ)μ
μ! λp−1+μx
−a−b−c+μ
= ip−1
∞∑
N=−a
(−1)b
(
N
b
)
(iθ)N+a
(N + a)!λp−1+N+ax
−b−c+N . (44)
Suppose |u| > 1, and put (a, b, c,p) = (d + 1, ν, r,0) in (44). It follows from (39) that
H2(θ; k, d + 1;u)
= −
k−1∑
ν=0
(k − ν;u)λk+ν+1i−1
∞∑
N=−d−1
(
N
ν
)
(r + ν − N;u)λN+d (iθ)
N+d+1
(N + d + 1)! .
Furthermore, by the relation sinX = i−1∑n0 λn+1(iX)n/n!, we have
H1(θ; k, d + 1;u)
= i−1
∞∑
n=0
[S(k, r, d + 1 − n;u)
+ (−1)k−1{R(k, d + 1 − n, r;u) + (−1)dR(r, d + 1 − n, k;u)}]λn+1 (iθ)n
n!
= i−1
∞∑
N=−d−1
[S(k, r,−N;u) + (−1)k−1{R(k,−N,r;u) + (−1)dR(r,−N,k;u)}]
× λN+d (iθ)
N+d+1
(N + d + 1)! .
Note that (−1)d = (−1)N when λN+d = 1. Combining these relations and (32), we have
H1(θ; k, d + 1;u) + H2(θ; k, d + 1;u)
= i−1
∞∑
N=−d−1
C(−N; k, r;u)λN+d (iθ)
N+d+1
(N + d + 1)! . (45)
From Lemma 3.2 and by d + 1 2, we see that the right-hand side of (45) is uniformly conver-
gent with respect to u ∈ [1,1+δ] if θ ∈ [−2π/3,2π/3] and u ∈ [−1−δ,−1] if θ ∈ [−π/3,π/3].
Hence we can let u → 1 if θ ∈ [−2π/3,2π/3] and u → −1 if θ ∈ [−π/3,π/3] on both sides
of (45). By (36) and (37), we have the following:
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H1
(
2π
3
; k, d + 1;1
)
+ H2
(
2π
3
; k, d + 1;1
)
= i−1
0∑
N=−d−1
C(−N; k, r;1)λN+d (2πi/3)
N+d+1
(N + d + 1)!
=
[d/2]∑
j=0
C(d − 2j ; k, r;1) (−1)
j (2π/3)2j+1
(2j + 1)! ,
H1
(
π
3
; k, d + 1;−1
)
+ H2
(
π
3
; k, d + 1;−1
)
=
[d/2]∑
j=0
C(d − 2j ; k, r;−1) (−1)
j (π/3)2j+1
(2j + 1)! .
For j ∈ N0, we see that
sin
(
2jπ
3
)
= sin
(
jπ − jπ
3
)
= −(−1)j sin
(
jπ
3
)
.
Hence, by (38), we see that
H1
(
2π
3
; k, r, d + 1;1
)
+ H1
(
π
3
; k, r, d + 1;−1
)
= 0.
From Lemma 3.3, we obtain the following:
Lemma 3.4. With the above notation,
H2
(
2π
3
; k, r, d + 1;1
)
+ H2
(
π
3
; k, r, d + 1;−1
)
=
[d/2]∑
j=0
{
22j+1C(2j − d; k, r;1) + C(2j − d; k, r;−1)} (−1)j (π/3)2j+1
(2j + 1)! . (46)
Furthermore, assume d  2 and consider the derivation of (38) and (39) with respect to θ .
Then
H ′1(θ; k, r, d + 1;u) =
1
2
[ ∞∑
m,n=1
χ3(m)χ3(n)u−m−n cos((m + n)θ)
mknr(m + n)d
+ (−1)k−1
{ ∞∑
m,n=1
χ3(m)χ3(n)u−2m−n cos(nθ)
mknd(m + n)r
+ (−1)d
∞∑ χ3(m)χ3(n)u−2m−n cos(nθ)
mrnd(m + n)k
}]
, (47)
m,n=1
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k−1∑
ν=0
(k − ν;u)λk+ν+1(−1)ν
×
ν∑
j=0
(
d + ν − j − 1
ν − j
)
(−θ)j
j !
∞∑
m=1
χ3(m)u−m cos(j)(mθ)
mr+d+ν−j
. (48)
Since cos(2mπ/3) = (−1)m cos(mπ/3) for m ∈ N, we have
H ′1
(
2π
3
; k, r, d + 1;1
)
− H ′1
(
π
3
; k, r, d + 1;−1
)
= 0.
Hence, by the same argument as above, we have the following:
Lemma 3.5. With the above notation,
H ′2
(
2π
3
; k, r, d + 1;1
)
− H ′2
(
π
3
; k, r, d + 1;−1
)
=
[d/2]∑
j=0
(
22jC(2j − d; k, r;1) − C(2j − d; k, r;−1)) (−1)j (π/3)2j
(2j)! . (49)
Combining Lemmas 3.4 and 3.5, we obtain the functional relation formulas. However, it is too
complicated to write the formulas explicitly. So we only introduce some examples as follows.
Example. Substituting (k, d) = (1,2) and θ = 2π/3,π/3 into (39) and (48), we have
H2
(
2π
3
;1, r,3;1
)
= −π
6
L
(
r + 3;χ23
)
, H2
(
π
3
;1, r,3;−1
)
= −π
3
L
(
r + 3;χ23
)
,
H ′2
(
2π
3
;1, r,3;1
)
=
√
3π
18
L(r + 2;χ3), H ′2
(
π
3
;1, r,3;−1
)
= −
√
3π
9
L(r + 2;χ3).
Hence it follows from Lemma 3.4 that
−π
2
L
(
r + 3;χ23
)= H2(2π3 ;1, r,3;1
)
+ H2
(
π
3
;1, r,3;−1
)
= {2C(2;1, r;1) + C(2;1, r;−1)}π
3
− {8C(0;1, r;1) + C(0;1, r;−1)} (π/3)3
3! .
Using (37), we have
2C(2;1, r;1) + C(2;1, r;−1) = −3L(r + 3;χ23 )− π2 L(r + 1;χ23 ).2 12
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C(2;1, r;1) − C(2;1, r;−1) =
√
3π
6
L(r + 2;χ3) − π
2
12
L
(
r + 1;χ23
)
.
Thus we have
C(2;1, r;1) =
√
3π
18
L(r + 2;χ3) − 12L
(
r + 3;χ23
)− π2
18
L
(
r + 1;χ23
)
.
By (32) in the case u = 1, we have
C(2;1, r;1) = 1
2
{LIIIMT,2(1, r,2;χ3, χ3) +L∗MT,2(1,2, r;χ3, χ3) +L∗MT,2(r,2,1;χ3, χ3)}
− L(1;χ3)L(r + 2;χ3).
Combining these relations, we obtain the following:
LIIIMT,2(1, s,2;χ3, χ3) +L∗MT,2(1,2, s;χ3, χ3) +L∗MT,2(s,2,1;χ3, χ3)
= −L(s + 3;χ23 )+ 3L(1;χ3)L(s + 2;χ3) − 34L(2;χ23 )L(s + 1;χ23 ) (50)
for s ∈ C except for the singular points of each side. Putting s = 2, we have
LIIIMT,2(1,2,2;χ3, χ3) +L∗MT,2(1,2,2;χ3, χ3) +L∗MT,2(2,2,1;χ3, χ3)
= −L(5;χ23 )+ 3L(1;χ3)L(4;χ3) − 34L(2;χ23 )L(3;χ23 ). (51)
Furthermore, substituting (k, d) = (2,2) and θ = 2π/3,π/3 into (39) and (48), and using the
same method as above, we obtain
LIIIMT,2(2, s,2;χ3, χ3) −L∗MT,2(2,2, s;χ3, χ3) −L∗MT,2(s,2,2;χ3, χ3)
= 3L(s + 4;χ23 )− 6L(1;χ3)L(s + 3;χ3) + 34L(2;χ23 )L(s + 2;χ23 ). (52)
Putting s = 1 in (52), we have
LIIIMT,2(2,1,2;χ3, χ3) −L∗MT,2(2,2,1;χ3, χ3) −L∗MT,2(1,2,2;χ3, χ3)
= 3L(5;χ23 )− 6L(1;χ3)L(4;χ3) + 34L(2;χ23 )L(3;χ23 ). (53)
Since LIIIMT,2(2,1,2;χ3, χ3) = LIIIMT,2(1,2,2;χ3, χ3), combining (51) and (53), we obtain the
relation
LIIIMT,2(1,2,2;χ3, χ3) = L
(
5;χ23
)− 3L(1;χ3)L(4;χ3).2
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L-values L(k1, k2;χ3, χ3) = LIIIMT,2(k1,0, k2;χ3, χ3) studied in [2], when k1 + k2 is odd with
k2  2:
L(1,2;χ3, χ3) = 32L(1;χ3)L(2;χ3) −
1
2
L
(
3;χ23
);
L(1,4;χ3, χ3) = 32L(1;χ3)L(4;χ3) +
1
2
L(2;χ3)L(3;χ3)
− 1
2
L
(
5;χ23
)− 3
8
L
(
s;χ23
)
L
(
3;χ23
);
L(2,3;χ3, χ3) = −92L(1;χ3)L(4;χ3) − L(2;χ3)L(3;χ3)
+ 2L(5;χ23 )+ 34L(2;χ23 )L(3;χ23 );
L(3,2;χ3, χ3) = 92L(1;χ3)L(4;χ3) + L(2;χ3)L(3;χ3) − 3L
(
5;χ23
)
.
Acknowledgments
The author greatly thanks Professor Kohji Matsumoto for his valuable comments and sugges-
tions. The author also greatly thanks the referee who checked this paper carefully and gave him
many important suggestions. This research was partially supported by Grand-in-Aid for Science
Research (No. 17540053), Japan Society for the Promotion of Science.
References
[1] S. Akiyama, H. Ishikawa, On analytic continuation of multiple L-functions and related zeta-functions, in: Analytic
Number Theory, Beijing/Kyoto, 1999, in: Dev. Math., vol. 6, Kluwer Acad. Publ., Dordrecht, 2002, pp. 1–16.
[2] T. Arakawa, M. Kaneko, On multiple L-values, J. Math. Soc. Japan 56 (2004) 967–992.
[3] B.C. Berndt, Character analogues of the Poisson and Euler–MacLaurin summation formulas with applications,
J. Number Theory 7 (1975) 413–445.
[4] B. Brubaker, D. Bump, On Kubota’s Dirichlet series, preprint, J. Reine Angew. Math., submitted for publication.
[5] B. Brubaker, D. Bump, G. Chinta, S. Friedberg, J. Hoffstein, Weyl group multiple Dirichlet series I, preprint.
[6] B. Brubaker, D. Bump, S. Friedberg, Weyl group multiple Dirichlet series II: The stable case, preprint.
[7] A. Diaconu, D. Goldfeld, J. Hoffstein, Multiple Dirichlet series and moments of zeta and L-functions, Compos.
Math. 139 (2003) 297–360.
[8] A.B. Goncharov, Multiple polylogarithms, cyclotomy, and modular complexes, Math. Res. Lett. 5 (1998) 497–516.
[9] H. Ishikawa, A multiple character sum and a multiple L-function, Arch. Math. (Basel) 79 (2002) 439–448.
[10] M. Katsurada, Rapidly convergent series representations for ζ(2n+ 1) and their χ -analogue, Acta Arith. 90 (1999)
79–89.
[11] K. Matsumoto, On the analytic continuation of various multiple zeta-functions, in: M.A. Bennett, et al. (Eds.),
Number Theory for the Millennium II, Proc. of Millennial Conf. on Number Theory, A.K. Peters, 2002, pp. 417–
440.
[12] K. Matsumoto, The analytic continuation and the asymptotic behaviour of certain multiple zeta functions I, J. Num-
ber Theory 101 (2003) 223–243.
[13] K. Matsumoto, Functional equations for double zeta-functions, Math. Proc. Cambridge Philos. Soc. 136 (2004) 1–7.
[14] K. Matsumoto, Analytic properties of multiple zeta-functions in several variables, in: Y. Tanigawa, W. Zhang (Eds.),
Proc. of the Third China–Japan Seminar, Xi’an 2004, The Tradition and Modernization in Number Theory, in press.
[15] K. Matsumoto, Y. Tanigawa, The analytic continuation and the order estimate of multiple Dirichlet series, J. Theor.
Nombres Bordeaux 15 (2003) 267–274.
178 H. Tsumura / Journal of Number Theory 120 (2006) 161–178[16] K. Matsumoto, H. Tsumura, Generalized multiple Dirichlet series and generalized multiple polylogarithms, preprint,
Tokyo Metropolitan Univ. Math. Ser. 13, 2004, submitted for publication.
[17] L.J. Mordell, On the evaluation of some multiple series, J. London Math. Soc. 33 (1958) 368–371.
[18] D. Terhune, Evaluations of double L-values, J. Number Theory 105 (2004) 275–301.
[19] L. Tornheim, Harmonic double series, Amer. J. Math. 72 (1950) 303–314.
[20] H. Tsumura, On some combinatorial relations for Tornheim’s double series, Acta Arith. 105 (2002) 239–252.
[21] H. Tsumura, On evaluation formulas for double L-values, Bull. Austral. Math. Soc. 70 (2004) 213–221.
[22] H. Tsumura, Evaluation formulas for Tornheim’s type of alternating double series, Math. Comp. 73 (2004) 251–258.
[23] H. Tsumura, On functional relations between the Mordell–Tornheim double zeta functions and the Riemann zeta
function, and their χ -analogues (in Japanese), in: Research on the Multiple Zeta Values, Kyoto, 2004, RIMS
Kokyuroku, 2005, in press.
[24] H. Tsumura, Certain functional relations for the double harmonic series related to the double Euler numbers, J. Aus-
tral. Math. Soc. Ser. A. 79 (2005) 319–333.
[25] L.C. Washington, Introduction to the Cyclotomic Fields, second ed., Springer-Verlag, Berlin, 1997.
[26] M. Wu, On analytic continuation of Mordell–Tornheim and Apostol–Vu L-functions, Master thesis, Nagoya Uni-
versity, 2003 (in Japanese).
